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Q ' Abstract 

(N : 

Using the torus action method, we construct one variable polynomial rep- 
resentation of quantum cohomology ring for degree k hypersurface in CP^~^ . 
' The results interpolate the well-known result of CP^~'^ model and the one of 

. Calabi-Yau hypersuface in CP^~^ . We find va. k < N — 2 case, principal rela- 

-4— > \ tion of this ring have very simple form compatible with toric compactification 

Q^' of moduli space of holomorphic maps from C7pi to CP^-^. [] 

1 Introduction 

X. 

^ , In recent years, study of topological sigma model has made a great progress. In my 

point of view, these models are classified into following types. 

A. topological sigma model (pure matter theory) with the 

1. target space M with ci{T'M) > 

2. target space M with ci(T'M) = (Calabi-Yau manifold) 

3. target space M with ci(T'M) < 

B. topological sigma model coupled to topological gravity with the 

1. target space M with ci{T'M) > 

2. target space M with ci(T'M) = (Calabi-Yau manifold) 

3. target space M with ci(T'M) < 
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T'M denotes holomorphic part of tangent bundle of Kahler manifold M . 
For cases A. 2 and B.2, we can solve these models using mirror symmetry 0,|]1O 



and |2T| . We may also consider the case when the target manifold M is Fano variety, 
i.e., ci(T'M) > 0. In and |jT9|, it was shown that models coupled to gravity (small 



phase space, tree level) can be solved imposing associativity condition of operator 
algebra. In fact, calculation of amplitudes for general Fano variety by using this 
method is tedious, but we can't deny the effectiveness of this approach. On the 
other hand, when target space is CP^, the simplest Fano variety, the matrix integral 
representation of partition function of the model coupled to gravity (large phase 
space, all genus) was given in |^ by constructing Lax operator formalism of flows 
induced from insertion of all BRST closed operators. Then we can naturally ask 
whether we can construct Lax operator representation of sigma models on general 
Fano varieties. But we don't pursue this problem in this paper. 

In this paper we consider the case A.l, topological sigma models on Fano varaeties 
without coupling to gravity. In this case, Vafa and Intriligator conjectured quan- 
tum cohomology rings that correspond to the solutions of sigma models on Grass- 
manianns. They first considered Landau- Ginzburg potential W{X) that determines 
the relations (ideal) of classical cohomology ring of Grassmannians. For example, 
W{X) in CP^ model is given by 

YN+2 

H/CP-(X) = (1) 

where X represents the Kahler form of CP^ , the generator of H*{CP^ ^C). Then 
the relation of H*{CP^, C) is obtained from dxW{X) = 

dxW'"'{X) = X''+' = 0. (2) 

From this we can determine ring structure of H*{CP^ , C). Then they argued that 
relations of the quantum cohomology ring are generated by Landau- Ginsburg poten- 
tial perturbed along the direction of Kahler form, 

YN+2 

W^^\X) = - Xq (3) 

where g(:= e~*) is the deformation parameter which counts the degree of instanton 
(holomorphic maps from Riemann surface to CP^). Relation of quantum cohomol- 
ogy ring is derived in the same way as the classical case, 

dxW^''''"'\X) = X^+i - g = 0. (4) 

For a general Grassmannian Gr{N, N+M) whose cohomology ring has generators, 

the situation is the same. Let Wj^^jvf+i(^i5 ' ' ' y -^n) Q be the Landau- Ginzburg po- 
tential for Gr{N, N + M), then Landau- Ginzburg potential of quantum cohomology 

2Let = E^o^»*'- Then wj^%f^^{Xi,---,XN) is given by t^+^^+i coefficient of 

VF(^) (i) = - log(X(^) i-tj) - W^r^ (Xi,---, XN)t^ 
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ring is 



^GriN,N+M)^X,, ■ ■ ■ , X^) := ■ ■ ■ , Xiv) + {-1^ qX, (5) 

and relations of this ring are given by dxW^^^^'^^'^'^ = 0. One can evaluate corre- 
lation function of these models from the residue formula, 



UT=ifA,{x) 



(n Oa, (z,)) =i ..-i 'Z%^N\N;M),.... dX, ■■■dXN (6) 



where /^^-(X) represents Ai G H*{Gr{N, N + M), C) in Landau- Ginzburg represen- 
tation of H*{Gr{N, N + M),C) and denotes BRST-closed operator of sigma 
model induced from Ai. In this case, /yi. (X) receives no quantum correction. Cor- 
relation functions evaluated from @ take integer values and are non-vanishing only 
if the topological selection rule of sigma model is satisfied. 

In this construction, geometrical aspect of sigma models, i.e., counting of instan- 
tons from Riemann surface to target space M is not clear. But let us assume the 
fusion rule of correlation function of pure matter theory which can be derived from 
taking the position of operator insertion points zi, Zi in an infinitesimally small disc, 
or equivalently from putting zx^Z2 on one component of a stable curve with one 
branch point and ^3, ■ ■ ■ , 2;^ on the other. 

m m 
(n Oa,{z,)) = {OAA^,)OA,iz2)OASZsl)H\OA,{Zs2) U Oa,{z,)) (7) 

i=i i=3 

In (|^), Zsi and Zs2 are the positions of the double singularities on each component and 
7]°"^ is the flat metric defined from two point functions of the model which receives 
no quantum correction. 

Vab-. = {OaM)Oa,{z2))= f AaAAb 

JM 

v^'vbc = 5: (8) 

This relation naturally leads us to consider the algebra defined by 

Oa. ■ Oa, = {OA,OA,OAjr^'"'OA,. (9) 

Note that we can regard this definition as the generalized form of multiplication rule 
of classical cohomology algebra 

A,-A2 = {[ A,AA2AAa)v^'A,. (10) 

JM 

Then the geometrical evaluation of three point functions should reproduce the quan- 
tum cohomology algebra of Grassmannians and coincide with the result of Landau- 
Ginzburg approach. This line of discussion was done by Bertram and Ruan et al 
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In this paper we treat sigma models on degree k hypersurface in CP^^^ , M^. 
has a unique Kahler form e that descends from the Kahler form of CP^~^. 
We can consider e as the generator of the subring of H*{M^,C), which consists of 
e'=(A; = 1, 2, ■ ■ ■ , AT - 2). We denote it as H*{M^, C). Classically, H*{M^, C) has 
the following ring structure. 

e^-i = (11) 

One can see that from (^, (pi]) is the same as the relation of H*{CP^~'^,C). Of 
course, we can also derive the same ring structure by using classical three point 
functions and metric. 



e° . = ( /_ A A e^)r/^^e^ (12) 

where 



A e'^ A e'^ = k- 6a+i3+y,N-2 



r]"^ = ^W,iv-2. (13) 

Then our assertion is that quantum version of H*{M^, C) (we denote it as H*^^{M^, C)) 
is given by 

a- ■ O,^ = {Oe^O.pOeiW^O^,. (14) 

Degree counting parameter q reveals itself in (OecOg/jOeT). This is equivalent to the 
assumption of restricted fusion rule, 

m m 
(11 a".(%)) = {Oe'^^iz,)Oe'^,iz2)0,a{Zsl))v'''{OAZs2) H a".(%))- (15) 

i=i j=3 



In (|1^), we assumed that n-point correlation function with (n — 1) insertions of O^^^s 
and 1 insertion from Oa{A ^ H*{M^,C)) vanishes. If N is odd, (i.e., dim(M^) 
is odd) justification of this assumption is easy. Because there is no other analytic 
class in H*{M^,C) (with equal holomorphic and anti-holomorphic form degree) 
except for elements of H*{M^,C). Then the above correlation function vanishes 
from topological selection rule. In case N is even, analytic classes which are not 
included in H*{M^,C) do appear in H~~^'~~^{M^, C), but numerical results of 
this paper makes no contradiction with (p!5|). 

Then what remains to consider is the evaluation of three point functions. These 
are computed from two facts : 

1. Three point functions of pure matter theory and of theory coupled to gravity 
coincide. 

2. Three point functions of theory coupled to gravity are evaluated by using the 
torus action method M. 
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In this way, we determined the ring structure of H*^{M^, C) and find the quantum 
generahzation of the relation ( pT]) if k is no more than N — 2. 



By setting Oe '■= X, we can regard ([T6|) as generahzation of (|^), 

dxW^^''- = X^-i - k'^X'^-'q := freiiX) (17) 

which reduces to the result of CP^^'^ model in = 1 case. ([I6|) tells us that for 
k > 2 case, the direction of deformation is no longer the one of Kahler operator, and 
Oei^ici > 2) indeed receives quantum correction in this case. 

[ ° 1 

a- = X"- Y: i^Sx^-'^'^-'^y := ux) 

d=l 

(a = 2,---,iV-2) (18) 

We found some curious relations among 7^^'^'s which seems to suggest that higher 
quantum corrections {d > 2) are written in terms of 's, i.e., degree 1 instanton 
corrections. This is natural because relation ( p!7D receives corrections only from 
degree 1 sector. 

With these results we obtain the residue formula of correlation functions with 
full insertion of elements of if*g(M^, C). 

{\{O^A^,)) = k4 ^^^f^f^dX (19) 

This is the generalization of (^). 

The relation (p!6[) has some geometrical meaning. Using (0), we can easily see 

{N-2)+{N~k)d 

( n a(^,)) = fc'^'+'g". (20) 

i=i 



In |2T|, we found that correlation function {UjJi Oe{zj)) = ET=o{Ilj=i ^e{zj))dq'^ 
of sigma model on Calabi-Yau hyper surface in CP^^^ {^n) has the following 
structure 

Af-2 

( n Oe{zi))d = (A^'^^+1 - (correction terms)), (21) 

2=1 

using mirror symmetry. We asserted there that the top term (A^'^^+^) can be eval- 
uated from simple compactification of moduli space of instantons (holo- 
morphic maps) from CP^ to CP^^^ (We compactified M^^'^'^ into CP^^^^^)^"^) 
and that correction terms appear as the effect of boundary components added in the 
process of compactification. This argument is shown to correspond to the result of 
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gauged linear sigma model in ||2S|. ( PDj ) tells us that there are no correction terms in 
k < N — 2 case. This fact can be explained from the above point of view. Boundary 
components are irrelevant in this case in view of the dimensional counting. 

In section 2, we review fundamental facts of topological sigma model (A- model) 
for pure matter case, introduce the notion of quantum cohomology algebra and 
discuss its applications to pure A-model. 

In section 3, we briefly explain the strategy of the construction of quantum coho- 
mology ring of M^. In section 4, we reformulate this ring as the polynomial algebra 
of Of. and discuss its characteristic structure when k < N — 2. In section 5, we try to 
understand geometrical reason of the bound k < N — 2 and explain why under this 
bound boundaries of (7pf^(^+i)-i _ M.^^ are irrelevant in integration of forms. 

All numerical results used in this paper are collected at the end of this paper. 

2 Topological Sigma Model (A-model) 

Topological sigma model is constructed from twisting N = 2 super symmetric sigma 
model that describes maps from Riemann surface S to Kahler manifold M (In this 
paper we limit genus of Riemann surface to 0). Then we have the following La- 
grangian. 

(22) 

where is the map from CP^ to M, the only bosonic degrees of freedom of this model, 
and X is fermionic ghost fields with ghost number 1 and tp are anti-ghosts with ghost 
number —1. This Lagrangian is invariant under the BRST-transformation, 

50* = iax\ = tax' 

SXi = 0, 5x1 = 

64 = -adJ-iax'T]^^T 

Sijl = -ad,<p'-tax'TiJ^T- (23) 

We define the generator of this transformation as Q ,i.e., Q acts as 6V = —a{Q, V} 
for any field V. This transformation is nilpotent and we only have to consider BRST- 
closed operator as observables of this theory. 

BRST-closed observables are constructed from closed form on M. Let A = 
Ai^i^...i^d(ff^ A ■ ■ ■ A dcj)^*" be an fc-form on M and we define a corresponding operator 
Oa '■= Ai^i^...i^x^^ ■ ■ ■X*''- Then from BRST-transformation rules, we have 

{Q,OA} = -OdA. (24) 

This tells us that we can construct BRST-closed observable Oa from the element A 
of de Rham cohomology ring H*{M). 
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Of course, Lagrangian L satisfies {Q, L} = 0. Moreover we can rewrite L modulo 
il> equation of motion in the following form. 



L = it J^d'{Q,V} + t J^^*{e) (25) 

where 

V = g,j{4d,^^ + dj^l) (26) 

/^$*(e) = Jjd,(p%4^g^]-d,(P%(^g,j) (27) 

/s ^*(e) is the integral of pull-back of the Kahler form e of M and equals $*(S) fl 
PD{e) where PD{W) denotes Poincare dual ofW e H*{M). We call $*(£) nPi:'(e) 
as the degree of maps and divide the phase space into sectors Bd with fixed degree 
d. In Bd, the second term of (^Sf) is fixed to td. Then since the first term of ( p5|) is 
BRST-exact, path-integral is invariant under the variation of the coupling constant. 
We can easily check this by taking infinitesimal variation of t. And we can take 
weak coupling limit t ^ oo. In this limit, the saddle point approximation of path 
integral becomes exact and the saddle point is given by the fixed point of BRST- 
t r ansf ormat ion , 

=0, =0 
4 =0, =0 
dj =0, d,<j)^ =0 (28) 

Especially, the saddle point of bosonic degrees of freedom is given by holomorphic 
map from CP^ to M. This saddle point has moduli and we denote this moduli space 
as A^o d where is d is the degree of holomorphic maps. We can count the dimension 
of A^od tiy Riemann-Roch theorem, 

dim{M^;,) = dim(if°(S,r(r'M))) 

= dim(M) ci(T'M) +dim(if^(S,/*(T'M))) (29) 
ad := dim(M) ci(T'M) (30) 

where / denotes holomorphic map from S to M considered as the point of M.^d- Cor- 
respondingly, X zero modes (xo), the number of which is equal to dim(if°(S, f*{T'M))), 
and ip zero modes (ipo), the number of which is equal to dim(iy^(S, /*(T'M))) oc- 
cur. Then by integrating over non-zero modes, we obtain effective Lagrangian Le// 
containing ipo and xo- 

Since Leff conserves ghost number, we have to compensate this ghost number 
anomaly by external operator insertions. To make situations simpler, we treat ob- 
servables induced from analytic cohomology elements A G H^'^{M,C). We define 
ghost number of Oa as dimc{A) = i. Then cancelation condition of ghost number 
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anomaly reduces to 



(11 OAMi))d = J f^-MM^Xo#oexp(-Le//) n O^.i^j) ^ 

k 

=^ ^ dimciA,) = dim(i70(S, nV M))) - dim{H\T., r{T'M))) 

= dim(M) +rf-ci(T'M), (31) 

This is the topological selection rule. 

And with this selection rule, we can rewrite (11^=1 C^a^ (^j)) into the following 



k 



form. 






oo 


d{OA,{z,)) 










oo 








:= e-* 



J i=i 
k 

(E:-,'^-c(A,),a,)(n^A,(^,))d-g'' 



(32) 

With this set up, we evaluate path-integral. Note that remaining degrees of freedom 
is moduli space of holomorphic maps from S to M and if) and x ^^ro modes. First, 
we consider the generic case when 

dim(_f/'^(S, /*(T^'°M))) = 0. In this case, i^e//. equals zero because it conserves ghost 
number. By taking Aj G H^''^{M,C) as the form which has delta function support 
on PD{Aj), we pick up holomorphic maps which satisfies the following condition in 
integration of moduli space. 

f{zj)EPDiA,) (j = l,---,fc) (33) 

These conditions impose dimc{Aj) dimensional constraint on A^g d each j because 
we use (dimc(v4j) — 1) degrees of freedom to make f{CP^) intersect PD{Aj) and 1 
degrees of freedom to make f{zj) G PD{Aj). These constraints kill all the moduli 
degrees of freedom as we can easily see from (|3TD . Remaining fermionic fields are 
balanced by the measure of zero modes in the Grassmann integrand, and correlation 
function results in 

k 

(n Oa,{z,)), = «{/ : S M| deg(/) = d, f{z,) G PD{A,) (j = 1, ■ ■ ■ , k)} 

i=i 

(34) 

We can rewrite ( ^4|) into more compact form using the evaluation map 



feM^:, ^ f{z,l (35) 
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as follows. 

{I[OaM))^= L A<^KA) (36) 

j=l •^^o,dj=i 

Next, we consider the non-generic case when dimc{H^{CP^, f*{T'M))) ^ 0. 
From Kodaira-Serre duality, we have 

{H\CP\f*{T'M)))* = H\CP\Kcpi^f*{T'M)) = H\CP\Ocpi{-2)^f*{T'M)). 

(37) 

On the other hand, since ci{f*{T'M)) = f*{ci{T'M)) = d ■ ci(T'M) and f*{T'M) 
is rank dimc(M) bundle on CP^, f*{T'M) is decomposed into a direct sum of line 
bundles on CP^ as follows. 

dimc{M) dimc{M) 

riT'M) = OcMa,) ( a^=d-c,{T'M) ) 

dim{H\CP\ nrM))) = Y: {a, + 1) (38) 



a,>0 



From (|37| ) and (0), we obtain 



and 



dimQ{M) 

0{-2)®nT'M)= OcP^{-2-a,) (39) 
diu.{H\CP\r{T'M)))= Y (40) 

-2-ai>0 



Then we assume the following. 

Assumption For an irreducible map f (having no multiple cover map compo- 
nent), dzm{H\CP\f*{T'M))) equals 0. And H°{CP\ f*{T'M)) has at least one 
OcpT-{2) component that corresponds to an automorphism of fiCP^) and minimal 
0(7pi(— m) (m positive integer) insertion. 

Under this assumption, we obtain two cases when f*{T\M)) has Ocp^^^—m) (m 
positive integer) insertion. 

easel riT'M) = Ocpi(2) © Ocpi(-l) © 0C7pi(-l) © C??p""' 

(ci(T'M) = 0, : arbitrary) 
case 2 r(T'M) = Ocpi(2) © Ccpi(-l) © Cj'pi*^"' 

(ci(T'M) = l, d=l) (41) 

The reason why we pick up the above two cases is that reduced map / (= / o ^9 
is degree n holomorphic map from CP^ to CP^) indeed has non zero H^. For these 
cases, f*{T'Mys are 

easel f*{T'M) = Ccpi(2n) © Cc;pi(-n) © Ccpi(-^) © Ccpi*'"^ 

case 2 f(r'M) = C^pi (2n) © Ccpi (-ri) © Ccp"'"'' (42) 
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and dimif^'s are counted as follows. 



easel dim{H\CP\f*{T'M))) = 2n - 2 

case 2 dim{H\CP\ f*{T' M))) = n-1 (43) 

In such cases, these iJ^'s are stable and we can integrate out corresponding i/jq with 



weight exp(— Le//). In and |^], it was shown that these integration results in 
the top Chern class of obstruction bundle (H^ bundle ) on A^o,d,n (w^ denote 
M^dn components of moduli space of reduced maps of degree d with n multiple 
cover). Then we obtain following formula. 

'ITL TYl 

(11 OaM))^ = E / ct(^) a (A <P]{A,)) (44) 

3=1 n\d •'^O.d,n j=l 

Of course, the generic case is included in (|4^), if we consider JF as rank bundle 
in this case. In case 1, we can further reduce as a bundle on MIq^ derive 
well-known multiple cover formula for models on Calabi-Yau manifolds. In case 2, 
we cannot argue heuristically that JF as a bundle on because in this case, 

dim(A^^^^) - dim((iJ^(CP\ /*(T'M)))) = n + 2 and we have nontrivial mixture 
of the top Chern class and evaluation map contribution. We also have to note that 
in this case, non trivial contribution should come only from d = n part. Anyway 
further analysis is needed ||3^ . 

Lastly, we explain the notion of the quantum cohomology ring on M as the exten- 
sion of the classical cohomology rings on M. Ring structure of classical cohomology 
ring on M is determined by the classical three point function Cijk and the metric rj^^ 
defined by 



Cijk '■ — / Ai A Aj A Ak, Tjij : — / Ai A Aj 

JM JM 

Tj^jV'' = 51 (45) 

In this definition multiplication rules are written as follows 

A, ■ A, = C.kV^'Ai. (46) 

Then we define quantum cohomology ring on M . In this ring we change Cijk into 
Cljf^ which we set to three point functions of topological sigma model (A-model) 
having as world sheet as CP^. Metric is unchanged under the assumption of fiat 
metric condition. Then multiplication rules are defined as, 

Oa^Oa, = Cf^,v''OA, 

C!^, := {OAA^l)OA,iz2)OA,iZk)) (47) 

Since A^o o moduli space of constant maps from CP^ to M, it can be identified 

with M itself. Then if we expand C?;, by q, we can see the coefficients of g° equals 
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classical Cijk- In this sense, this algebra is natural extension of the classical coho- 
mology ring on M. We can see this algebra is commutative by definition. We assume 
it is also associative algebra. In the theory coupled with gravity, this condition is 



powerful to determine correlation functions in the small phase space. |jT5[ 

Quantum cohomology ring is an effective notion in treating pure matter theory. 
Since in pure matter theory, |(9^J's span entire Hilbert space, we can insert identity 
operator \OAi)v^^' {Oa \ into correlation functions. Especially fusion rules follow from 
this fact. 

{Oa^Oa,*) = {Oa,Oa,Oa,)v'\Oa,*) (48) 
This relation can be rewritten using (^T]) as follows. 

(OaPa,*) = {{OAr Oa,)*) (49) 

Then by taking product of quantum cohomology ring successively, we can reduce the 
number of inserted operators to two. In this way correlation functions of pure matter 
theory having world sheet as CP^ are reduced to the problem of determination of 
all the three point functions. 

We make one final remark of this section. If this algebra has some relation 
7l{OAi) = 0, we can easily see from (^), 

(7^(O^J*) = (50) 

So we can compute correlation functions more effectively if we find non-trivial relation 
of the ring. 



3 Strategy for Determination of Quantum Coho- 
mology Ring of Mpj 

In this paper, we treat the topological sigma model with a target space which is the 
degree k hypersurface {k < N) in CP^~^, M^. 

:= {(Xi : X2 : ■ ■ ■ : Xjv) G CP^'-'lXl + . . . + = 0} (51) 

Since is a hypersurface of CP^~^, we can choose a subring H*{M^) generated by 
Kahler class e G H^'^{M^). Correspondingly, we assume that BRST-closed observ- 
ables {a = 0,1, ■ ■ ■ , N — 2) form a closed sub-algebra in quantum cohomology 

ring of (Operator algebra in pure matter theory). Then we investigate this sub- 
algebra H*^{M%) in the following way. Operator product algebra is constructed by 
three point functions and metric as we mentioned in Section 2. 

r]yS ■= {OeoOejOes) = 6^ A 6^ = k5^+S,N-2 

= 51 (52) 
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Correlation functions in pure matter theory satisfy the fusion rule. 

{0,0.0,,*) = (Oe.O.pOe.W'iO.S*) (53) 

In ( |5^ ) and (^) we assumed that insertion of O^ ^ H*^^{M^) into correlation 
functions consisting of elements of H*^^{M^) gives zero. This assumption is justified 
in the case of Mj!^ in |2^. Other cases are discussed in section 1. From the above 



definition we can easily see 0,0 acts trivially on H*^{M^), and we regard 0,0 as 
identity. Three point functions are determined from the geometrical evaluation of 
correlation functions of topological sigma model in previous section. 



{0,4z,)0,p{z2)0,.{zs)) 

oo „ 

^ 5c«+/3+7,(7V-fc)d+7V-2 / Mfe Cr(J^) A 0^(e") A 0;(e^) A ^^(e^) ■ q' 

.7 n. JM„ , 



d=0 ''■^o.d 



OO 



^ 5^+p+,,^N-k)d+N-2 / ct{J") a 0I(e") A 0;(e'3) A 0*(e'') ■ g'^ (54) 



where 



0. : A^JJ ^ 0,(/) = /(^,) 

4>i ■■ Mfl, ^ 0,({/, zi, Z2, ^3}/5i^(2, C)) = f{z,) (55) 

M.Q ^ and A^o (fs denote moduli spaces of holomorphic maps of degree d from CP^ 
to of pure matter theory and those of the theory coupled to gravity with three 
punctures (operator insertion points) respectively. and T' are obstruction bundle 
coming from . We insert 5o,+p^^^(^jq_k)d+N-2 to represent the topological selection 
rules explicitly. 

m 
m 

=^ Y,(yj = dimc7(M^) + d ■ ci(T'M^) = (A^ - 2) + (A^ - k)d (56) 
i=i 

Ci{T'M%) is calculated from c{T'M%) = j*{c{T'CP^-^))/j*{c{OcpN-i{kH))) = (1 + 
e)^/{l + ke) where j represents natural embedding from to CP^~^ and e is 
Kahler form of M^. 

The equality between the first line and the second line of (|5^) can be explained 
as follows. M.Qd has an internal SL{2,C) which moves {f{zi),f{z2),f{zs)} with- 
out changing the position of f{CP^) in M^. In these degrees of are killed 
by dividing by SL{2,C) but the degrees of freedom that change the position of 
{^1,^2, ^3} on CP^ are added. Since SL{2,C) can be considered as the degrees of 
freedom which maps {0, 1, 00} to any distinct points {zi, Z2, z^}, this difference can- 
not be distinguished under the action of the evaluation maps (pi, (pi. As to equivalence 
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of ct{J^) and ct{J^'), we have to rely on numerical results. Equivalence in Calabi-Yau 
case was examined in [Q] and 0. 

Then we determine H*g{M^) with the following strategy. 

1. Using the equality of (|5^), we evaluate all the three point functions using the 
torus action method with the following equation p. 

CT(r)A0t(e-)A0;(e'^)A0*(e^) 



,d^Z{ gravity) 



= dt^dt^dt^Res,ReSh{^\og{det{{gijjv^d) 

^ 1 ^ _^(Af-2-(jV-fc)d)(5»^ _ 5j^)2 j^jv^ na=}(5^Q^ + 5J'(^ - a)z - h^dz) ^ 



2; z 



exp((yti^ + ■ ■ ■ + 5^(^-2)^^_^^A.-2)(!W, + . . . + ^)))))|,.=o (57) 

z z 

where 

-rf(^-2-(7V-fc)d) (gi^ _ 5i^)2 j^|v ^ na=i(5'a^ + - ci)z - d5^ 



z 



9ij,j'i',d 



Utti\5^az + 5^{kd - a)z) 



■■= ^rr^ (59) 

^i^-^o'^jr ^ CP''-\ ^i{iz,,Z2,z,)J}/SL{2,C)) = fiz,) 

where H is hyperplane bundle on CP^^^, is 3-fold forgetful map from 
■^04,3 ^'^ -^04,0 ^kd+i denotes direct image sheaf 

R^^{(p*i{kH)) coming from forgetful map vri from A^f^f ^ to A^^^o ^■ 

2. We can consider as the generator of H*^^{M]y^k), and we only have to 
determine multiplication rule for O^- In other words, if we set 



[ 1+° 1 

I AT-feJ 



F^'^ : Og ■ OgO, — {OeOeaO^N-3-a + (N~k)d) —0^1 + a-{N-k)d (60) 

{k < N) 



F^'"" : Oe ■ = (aa^aiv-3-.)^ai+<^ (ei) 



{k = N) 
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, H*{M^) is constructed under the assumption of its commutativity and associativity 



as follows. 

a^, ■ ■ ■ , a--]//[i^r'', f,""'", ■ ■ ■ , f^i^^] (62) 

where C[Oe,Oe2, ■ ■ ■ ,OeN-2] denotes the polynomial ring generated by (9e« and 
/[Ff '^ '^ ■ ■ ■ , ^^1^2] is the ideal generated by F^'*^'s. 

We calculate F^''' for k < N — 2 and < 9 case and find the ideal includes the 
following relation. 

(OjA^-i -k'^-q- (a)'-' = (63) 



Numerical results are shown in appendix A. In this case, using (|63|) and 
iUfji^ Oe{zi))o = k, we can easily see from (^) 

N-2+{N-k)d 

( n a(^.)) = A:'='+' • (64) 

i=l 

4 Reformulation as One Variable Polynomial Al- 
gebra 

With some algebra, we can rewrite the relations ([6^) into the form 



C''^ : = (a)" - E 7^^(a)"-^^-')' ■ (65) 



(2 < a < - 2) (66) 



Gf,f:0 = (a)^-'- E '^^(^e)'^-'-^^-'^'-/ (67) 



(AT > k) 



d=l 



a 



(2 < a < A^-2) 



Ar-2 

Gfef :0 = (n7r(g))(a)^-^ (69) 



{N = k) 



where 



7f ^(g) := Ar/(aa.-ia--2-.) (70) 
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Then we can realize H*^{M^) as one variable polynomial algebra by regarding Ogo 
as 1, Oe as X, as r.h.s of G^''^, and G^f as a relation. And if we set 



N,k,^, - 1, ff\x):=X 

N,k 



r.h.s. of G^'''^ {a = 2,---,N -2) 
r.h.s. of Gf,f , (71) 



correlation functions are written in the residue form which follows from (^3]) as is 
well-known in [Q, 

„ fN,k(v-\ fN,l^(X) f^'^(X) 

{0^..0^.. . . . .Om^ = k-l ^ ^"-1^^^ ^ (72) 

Jrel [^) 

where the integration contour Coo is a small circle around X = oo in the counter- 
clockwise direction. These results are collected in Appendix B. 
Proof of (|72]) 

First, we assume the following relation, 

fa^\X) . f^;\X) = hiX)ffiX) + ip,..0,..OM'^f^\X) (73) 

where hiX) is a certain polynomial of X. To be more precise, we have to "check" 
(^) by numerical calculation to justify our construction but we heuristically rely on 
completeness of this algebra. Then 



(r.h.s) of (72) = k-l h{X).{jl^{X).f^^\X)...f^;\X))dX 

^ Coo 

/ , f^\x).flt{x). 



Co. 

rN,k/v-\ rN,k(v-\ rN,k(y-\ 



(74) 



The first term of ( |71D vanishes because if we set X' = ^, we have terms with degree 
no more than —2 in the integrand. And we have shown fusion rule for representation 
of (p. 

Then by induction, we only have to show the following formula. 



fJl{X)J^{X) 

frf{X) 



\ik :X = • ^».+a.,iV-2 (75) 



But, by inserting Of.o = 1 formally, (this insertion does not change the value of 
correlation function) and using (|73D again, we only have to show the following relation 
instead of ([751). 

f^'^^X) 

"Nk,... = k ' ^a,N-2 (76) 



is trivial if we change the variable X into X' = j^. 
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At first sight, this reformulation seems to be superficial, but we find some curious 
relation between ^^'^ for k < N — 2 case. 

relation 1 

N,k N-l,k n ^ AT n\ 

relation 2 

( N,k .2 
N,k _ \lN-k,l) 
7iV-2,2 — " 



N,k 
1n-3,2 



relation 3 



2 

((A^ - A;)2 = - 2) 

N,k N,k 
N,k _ N,k ^ lN-k+l,l _ TJV-Mn 
7Ar-3,2 ~ 7Ar-fc,ll ^ 4 

N,k N,k 
N,k _ N,k /7w~fc+l£ Iw-k,! 
1n-2,2 — lN-k,l\ 2 4 

((AT - A;)2 = A^ - 3) 

N,k N,k N,k 

N,k _ N,k i lN-k+2,1 7jV-fc+l,l T/V-M' 
77V-4,2 — 77V-fc,lv o 'a o . 



(7ArLfc+l,l)^ 



N,k N,k N,k 

N,k _ N,k i lN-k+2,1 lN~k+l,l lN-k,l 

'In -2,2 — 7Ar-A:,ll 2 4 8 

((Ar-A;)2 = A^-4) 

N,k N,k N,k N,k 

N,k _ N,k f '^N-k+S,! lN-k+2,1 lN-k+l,l 7A^-fc,l ^ 

7Ar-5,2 — lN-k,l\ 2 4 ~ 8 ~ 16 ' 

N,k N,k 

N,k _ N,k / lN-k+2,l lN-k+l,l ^ 

1N-4:,2 — lN-k+l,l\ 2 4 

N,k N,k N,k N,k 

, lN-k,l ,lN-k+2,l lN-k+l,l iN-k,!-. 



2 ' 2 4 8 ' 

N,k N,k 

N,k _ N,k jlN-k+2^ . 7jV-fc+l,l 

7Ar-3,2 ~ 7Ar-fc+l,ll 2 4 

N,k N,k N,k N,k 

lN-k,l flN-k+2,1 lN-k+1,1 lN-k,l^ 



2 ' 2 4 8 ' 

N,k N,k N,k N,k 

N,k N,k ^iN-k+S,! , 7iV-fc+2,l , 7Ar-fc+l,l , 7Ar-fe,l ■ 

7iv-2,2 = iN-kA + z + z + 



2 4 8 16 

((A^- A;)2 = A^- 5) 



N,k _ N,k N,k /oo\ 
7Ar-2,3 — lN-k,ll2{N-k),2 \°°) 

{{N-k)3 = N-2) 

We can reconstruct some of the above relations from the compatibility of the expan- 
sion form of (37) and relation (^), but we are not sure that all of them follow from 
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it at this stage. With these relations, we can figure out some characteristic feature 

ofi/;,(M^). 

First, quantum correction of degree 1 to if*g(M^) does not depend on A^, which 
can be easily seen from relation 1. So we think these correction coefficients 7ai(:= 
iN-k+a-i i) pl^y central role in the ring when k < N — 2. In other words, we expect 
all the higher degree quantum correction coefficients are determined by j^i- Rela- 
tion 2 are found from these speculations. Second, from the expansion form of 
degree d coefficients of (9e<^ occur when a > {N — k)d holds. Then iik < [^] + 1, no 
corrections occur from sectors with degree greater than 1. But degree 1 corrections 
remain stable since they exist as long as a is no less than N — k. This seems to 
support our first speculation. We will show some examples of these features using 
the results of //*g(M^). 



= X 



^3 = X'-^l,Xq 



v6 



a. = X'-jlX^-^^Xq^ 

aa = X<^-llX'q-llC-f + ^-f + ^-f)XV 

-ilirC-f -'-f- '-f)q' (89) 









Oe 


= X 






= x" 




(9,3 


= X' 


- lU 




= x^ 


- lliX'q 




= 


- ilx\ 




= x^ 


- lliX'q 




= X' 


-llX^Q 










= X 




Oe2 


= X' 




a3 


= x^ 





6 ^,6 

')q' 



.72,1 llu 2 



2 4 
2 4 



(90) 
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Ce4 


= X* 


- 




= 






= 






= 






= x« 


6 ^4 (7l,l)^ 2 
75,1^ ? 2 ^ 






(X > 11) 




= x^ 


(1 < A; < X - 7) 




= x^ 


-^+"-7liX°-^g(i<«<5) 



(91) 



where 



(92) 
(93) 

7^1 = 720, 7^ 1 = 6984, 7! ^ = 23328, 7^1 = 39672, 7^1 = 45936 (94) 



5 Geometrical Interpretation 



In this section, we will briefly discuss why relation (^) or equation (Q) holds from 

N^k^{matter) 

, Tiro i~> o Ti -f- In q Tr-\ I I *~\TirTm rr Tr-wwm I 1 



the geometrical point of view. Since is hypersurface in CP'^ ^, A^^^ (matter) 
submanifold of A^ipiv^i (mnttpr)- expect the following formula. 



N-2+{N-k)d N-2+{N-k)d Ar-2+(Af-A;)d 



i=l -^^O.d i=l -^^o.d i=l 

(95) 



where 



: A^gr " ^ CP^-\ ^.(/) = /(^.) (96) 
C(7v,fc) is the form which impose the following condition on / G Mq^^ ^ ■ 

fiCP') C (97) 

Since holomorphic map from CP^ to CP^^^ of degree d is described by the polyno- 
mial map as follows, we can roughly compactify into (7P^(<^+i)-i. 

{s:t)^ iJ2 a]sH''-^ : ^ a]sH''-^ ■■■■■jz afsH''-^) 

j=Q j=Q j=0 

■.= {Al{s,t):Alis,t):...:A^is,t)) (98) 
TRjr" = (a^ a^) (99) 
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Using this compactification, we can reahze C(7v,a:) as follows. 
fiCP') C 

N d 

^^(^a}sV-^y = for all 

i=l j=0 
kd 

^E/K«})^''"'i' = for all {s,t) 
1=1 

^^/^(a}) = l = 0,l,---,kd + l (100) 

Since each fi{a^j) is a homogeneous polynomial of a* of degree fc, we can regard them 
as ke := kci{H) where H is hyperplane bundle of (7P^('^+i)-i. And we have 

C(N,k) = (A:g)'"+' (101) 
We can easily see that v^*(e) = e from the definition of ipi and we have 

N-2+{N-k)d 

{ n ^e(^.))e = / (fcg)^'^+l A (e)^-2+(^-^')'^ 

JcpN(d+i)-i^ 

= k^'^^^ (102) 



Our calculation in section 3 tells us this compactification gives an exact result when 
k < N — 2. To derive this bound geometrically, we have to analyze points in 
(jpN{d+i)-i afifjgfi in ii^Q process of compactification. As was said in |^ and |^ 



these points are characterized by the fact that all AJ^'s have common divisor. This 
situation can be described by the following sequence of maps. 

^pN{d+l)-l ^ Vi 

QpN{d)-l ^ Qpl ^V2_ QpN{d-l)-l ^ (CP^Y 

QpN{d-^k+l)-l ^ (^CP^Y (JpN{d-k)-l ^ ((7pl^fe+l 2^ 

CP^^-^ X {CP^y-^ ^ CP^-^ X {CP^Y (103) 

where 

{{Al^is, t), ■ ■ ■ , At,{s, t)), ia\s + bH), ■ ■ ■ , {a^s + b^t)) 

^ {{Ay^{s,t){ah + bH), ■ ■ ■,Atj{s,t){ah + bH)) 

,{a^s + bH),---,{a^s + Vt)) (104) 

In the calculation, we must treat Im{rij) carefully. Then why ( |102| ) is correct in 
k < N — 2 case ? This can be understood as follows. Consider the first non-trivial 
boundary Im{rji). 

7]i{CP^'^-^ X CP^) = {{as + bt)Al_^{s,t), ■ ■ ■ , {as + bt)A^_^{s,t)) (105) 
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For these points, the condition f{CP^) C acts only on 74^_^(s, t)'s and the 
remaining degrees of freedom come from CP^ and constrained y4j^_^(s, t)'s, i.e. 

"(degrees of freedom) = 1 + Nd — 1 — {k{d — 1) + 1) 

= {N-k)d + k-l (106) 

Then if the condition A; < — 2 is satisfied, we have 

{N-k)d + k-l < {N-k)d + N-2 

= dim{Mo}) (107) 



( |106|) tells us that the condition (|100|) may make the contribution from Im{rji) be 

a space whose dimension is no less than dim^M.^ But in k < N — 2 case, ([lOT]) 
assures us that it is irrelevant in view of the dimensional counting. 



6 Conclusion 

Our main result of this paper is the determination of the bound k < N~2. Under this 
bound, principal relation of quantum cohomology ring is written in a simple form, 
{Oe)^~^ = k^q{Oe)^~^, which is a natural generalization of the well-known result 
of CP^~^ model, {Oe)^~^ = q pO[. The ring H*^{M^) is mainly characterized by 



k, so polynomial representations of operators with different N are alike with each 
other. These seem to be determined by the correction coefficients 7^ ^ coming from 
holomorphic maps of degree 1 which are invariant under variation of A^, though we 
cannot give complete formulation in this paper. 

We give geometrical interpretation of this bound in section 5 but this argument does 
not explain why insertion of operator 0^2 and (Oe)^ are distinct even if < — 2. 
These insertions cannot be distinguished by our simple logic. Looking around the 
situations, it seems to be effective only with the insertion of BRST-closed operator 
induced from Kahler forms in treating hypersurface in weighted projective space. Of 
course, as can be seen in 0, moduli spaces of manifolds like Grassmannians which 
are defined as homogeneous spaces are compactified without ambiguous process like 
the one in ( |100| ). In this case, such troubles do not arise. 

Finally, we discuss what our results tells us with respect to k = N — 1, N case. At 
least, it supports our assertion that the first term of A^-expansion of {Yl^Ji^ Oe{zi)) 
on Calabi-Yau manifold Mj!^ comes from the compactifiaction treated in this paper 
but explanation of correction terms from this point of view is still not clear. 

Acknowledgment I'd like to thank Dr.K.Hori and Prof.T.Eguchi for many use- 
ful discussions. I also thank Dr.Y.Sun and Dr.M.Nagura for kind encouragement. 
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Appendix A Multiplication Rules of H*^^{M^) 



Oe ■ Oe« = Oec^+i {0 < a < N - 3) Oe- = q 

Oe ■ Oe^ = Oeo.+l {0 < a < N - A) Oe- O^N-Z = + 2q 

Oe ■ = 20eq 

Oe-Oe = Oe2 + Qq Oe ■ 0^2 = O + ISOe? 

ElJyMl) (N>6) 

Oe ■ Oe« = Oeo.+i {0 < a < N - 5) 

Oe ■ OeN-4 = OeN-3 + 6q Oe ■ OeN-3 = OeN-2 + 150eq 
Oe ■ OeN-2 = 60e2q 

Oe-Oe = Oe2 + 24g 

Oe ■ Oe2 = Ce3 + 104Oeg 

Oe ■ Oei = Oe4 + 104^2^ + 2784^^ 

Oe ■ Oei = 2AOe^q + 27MOeq^ 

Oe-Oe^ Oe2 
Oe ■ Oe2 = OeS + 2Aq 
Oe • Oe3 = Oe4 + lOWeq 
Oe ■ Oe4 = Oe^ + 104Oe2? 

Oe-Oe5 =24C)e3g + 576?2 







Oe ■ Oe^ = 


Oec^+i {0<a<N 


Oe ■ OeN-S. 


= OeN-4 + 2Aq 


Oe • OeN-4 


= OeN-3 + lOAOeq 


Oe • OgN-S 


= OeN-2 + IQAOe^q 


Oe • OeN-2 


= 2AOezq 



21 



0e« 



+ 120g 
= + 770C»eg 
= + 1345Ce2g + 211200g2 
= Oe^, + 770C»e3g + 692500Ceg' 
= 120Ce4g + 211200Ce2g^ 











= Oe2 




■ Oe^ 


= Oe3 - 


F 120g 


Oe ■ Oe3 


= Oe4- 


F 770Oeg 


Oe ■ Oe4 


= OeS - 


F 13450e2g 


Oe ■ OeS 


= OeO - 


F 770Oe3g + 99600g2 


Oe ■ Oe6 


= 120Oe4g + 99600Oeg^ 



^;e(M9^) 




Oe • Oe = 


= Oe2 


Oe ■ Oe2 


= Oe3 


Oe • Oe3 


= Oe4 + 120g 


Oe ■ Oe4 


= Oe5 + 770Oeg 


Oe ■ Oe5 


= Oe6 + 13450e2g 


Oe ■ Oe6 


= OeT + 770Oe3g 


Oe ■ OeT 


= +120Oe4g + 14400g^ 



{N > 10) 




Oe ■ Oe. 


= Oec+i {0<a<N 


Oe ■ OeiV-6 


= OeN-5 + 120g 


Oe • OgN-5 


= Oeiv-4 + 770Oeg 


Oe ■ OeAf-4 


= OeiV-3 + 13450e2g 


Oe ■ OeAf-3 


= OeA'-2 + 770Oe3g 


Oe ■ OgN-2 


= 120Oe4g 
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Oe ■ C»e4 

Oe ■ Oee 
Oe ■ Oer 

Oe ■ Oe4 
Oe ■ C»e5 
Oe ■ Oe^ 
Oe ■ Oe-r 
Oe ■ OeS 



Oe2 + 720? 
Oei + 62640e? 

+ IGMWe^q + 18843840?^ 

+ IGMWesq + 131458464e)e?^ 
Oe6 + 62640^4? + 131458464(9^2?^ 
+144069995520?^ 
+720Oe5? + 18843840Oe3g^ 

+144069995520e)eg^ (119) 



Oe2 

OeS + 720q 
Oei + 6264:Oeq 
Oe^ + 163UOe2q 

Oee + IGSUOesq + 14152320?^ 

Oer + 6264(!?e4? + 44006976Oeg^ 

720Oe5q + 14152320e)e2?^ (120) 



Ce2 
OeS 

Oe* + 720? 

Oe^ + 626AOeq 

Oee + 16344C»e2g 

Oee + 16344Ce3g 

OeS + 62640e4g + 476928006?^ 

720Oe5q + 4769280C>e2g^ (121) 
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HUM',) 

Oe-0^3 = + 200452e)e2? + 205625920g^ 
Oe-O^i = + 300167e)e3? + 24699506832Oeg^ 
Oe-C)e5 = + 2004520^45 + 537516856240^2? 

+534155202302400?^ 
Oe-Ces = + 561960e5? + 24699506832Oe3g^ 

+1920365635990032C)e?^ 
Oe-Oe7 = 5040e)e6g + 2056259520C)e4?^ 

+534155202302400Oe2g^ 

+5112982794486067200g^ 



Oe-Oe2 = Oe3 +5040? 

C>e-C»e3 = C>e4 + 56196e)eg 

Oe ■ Oe4 = C»e5 + 2004520^2? 

Ce ■ = Ce6 + 300167^3? + 2091962880?^ 

Ce-Ce6 = + 200452Ce4g + 13570681320Ceg 

• = + 56196Ce'''g + 135706813200^2?^ 

Oe-Oe8 = 5040Oe6g + 2091962880C>e3g^ 
+13462263763200g3 
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o 




— n 

— 






— n -i- AC\'^9C\n 


o ■ 


O 3 


— (0 A -\- 1 2C0 n 


n ■ 




— CI . J- O'^'^OI 09^0 ,/7 

— i_yg5 ZOOZA.iJZ\^e^^ 


a- 




— Cg6 + 0Z4iyo4Cg3y + o40D00Dio0DUy 


a- 


Oee 


= + 5241984e)e4g + 38572142837760e?^ 


a- 


Oer 


= OeS + 2552192e)e6g + 8150222448640Oe2g^ 


a- 


OeS 


= Oe9 + 554112(9^69 + 38572 14283776e)e3g2 






+235354398279598080?^ 


a- 


Oe9 


= 40320(9e7g + 345655618560C)e4?^ 






+235354398279598080?^Oe 
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Appendix B One Variable Polynomial Representa- 
tion of i/*,(M*) 



H. 



X" (0 < a < - 2) 



(125) 



OeJV-2 



X° (0 < a < iV 
- 2qX 



3) 



(126) 



frel {X) — -'^ 

OgN-3 = 
(D^N-2 = ^ 



AT-l 

Af-3 
iV-2 



'9 



(0 < a < iV - 4) 
— 6g 
-21Xg 



(127) 



frel{X) = X5-4^X3g 

OeO = 1 

O^z = X^-l2^Xq 

0^4 = X^ - 232X^q - 288q^ (128) 



HliMf,) (iV>7) 

/,eK^) = X^-i-4^X3g 

a- = X" (0 < a < iV - 5) 

OeN-4 = _ 24g 

C>,iv-3 = X^-^ - 128Xg 

= 232X^5 (129) 
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frel{X) = X^-S^X^? 

CeO = 1 

Oe ^ X 
Oe2 = X^-120q 

= - 2235X^g - 49800?^ 

(130) 

freliX) = X^-S^X^? 
CeO = 1 

Oes = X=^-120g 

e)e5 = X^- 2235X\ 

Oes = - 3005X^g - 7200g2 

(131) 

//;,(M^) (7V<9) 

/,eK^) = - 5'X\ 

= X" (0<q;<A^-6) 

OeN-6 = X^-^ - 120g 

OeN-4 = X^-^ - 890Xg 

= X^-^ - 2235X^5 
OeN-2 = - 3005X^5 

(132) 
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H*{Mt) 

q,e\ Q / 








J rel / 








n n 


— 1 


















- 720q 








- 6984^5 








- 23328X^q - 


7076160?^ 






- 39672X=^g - 


24388128Xg2 


e»e6 




- 45936X^g - 


9720000X^5^ 



-5094835200?^ (133) 

freliX) = X'-G'^X'q 

= X" (1 < a < 2) 
Oes = X=^- 720g 
Oe4 = X^- 6984Xg 
C)e5 = X^- 23328X^g 
Oee = - 39672X^^5 - 2384640g^ 
Oe6 = - 45936X^5 - 2643840Xg^ 

(134) 

freliX) = X'-G'^X'q 
O^c = X" (1 < a < 3) 

= X^- 720? 

= X^-mUXq 
Oe6 = X^- 23328X2g 

= X^- 39672X^q 
0^6 = - 45936X^5 - 259200X?^ 

(135) 
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frel {X) 
0,s 



X' - fx\ 
1 

X 

X'^ - 5040g 
X"^ - 61236Xg 

- 261688X^5 - 1045981440?^ 
X^ - 561855X^g - 7364461860Xg2 
X^ - 762307X\ - 8660264508X^5^ 
-53577635146560?^ 
X^ - 818503X^5 - 1785767760X^5^ 
-47590972087680g^ (136) 



X^ - fx\ 
1 

X 
X' 

X^ - 5040g 

X^ - 61236Xg 

X^ - 261688^2? 

X^ - 561855X^5 - 579121200?^ 

X^ - 762307X^g - 1874923848Xg2 

X^ - 818503X^g - 739786320X^g^ (137) 
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q,e\ 11/ 




Jrel ) 


— yv — -A. y 


O n 


— 1 


o 


— X 




- 




— — 4n'^9n/i 




r.OiAA'inVr, 

— — oy44oZ^ y 




= - 3146624X2? 




= - 8388608X^5 - 134298823680?^ 




= X^ - 13630592X\ - 875510074368Xg' 




^ X^- 16182784X^g - 994943923200X2( 
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